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PACS. 71.10.Fd  Lattie fermion models.
PACS. 71.10.Hf  Non-Fermi-liquid ground states, eletron phase diagrams and phase transi-
tions in model systems.
PACS. 71.27.+a  Strongly orrelated eletron systems, heavy fermions.
Abstrat.  We study antiferromagnetism and single-partile properties in the two-dimensional
half-lled Hubbard model at low temperature. Colletive spin utuations are governed by a
non-linear sigma model that we derive from the Hubbard model for any value of the Coulomb
repulsion. As the Coulomb repulsion inreases, the ground state progressively evolves from a
Slater to a Mott-Heisenberg antiferromagnet. At nite temperature, we nd a metal-insulator
transition between a pseudogap phase at weak oupling and a Mott-Hubbard insulator at strong
oupling.
Introdution. The Hubbard model [1℄ and its generalizations play a key role in the desrip-
tion of strongly orrelated fermion systems suh as high-Tc superondutors, heavy fermions
systems, or organi ondutors [2℄. Despite its simpliity (the model is dened by two pa-
rameters, the inter-site hopping amplitude t and the loal Coulomb interation U , and the
symmetry of the lattie), exat solutions or well-ontrolled approximations exist only in a few
speial ases like in one-dimension (1D) or in the limit of innite dimension [1℄.
It is now well established that the ground state of the 2D half-lled Hubbard model on a
square lattie has antiferromagneti (AF) long-range order. The origin of antiferromagnetism
is believed to depend on the strength of the Coulomb repulsion. At weak oupling (U ≪ t),
a Fermi surfae instability gives rise to an insulating spin-density-wave ground state as rst
suggested by Slater [3℄. In 2D, thermal (lassial) utuations prelude a nite-temperature
transition (Mermin-Wagner theorem) and the phase transition ours at TN = 0. Sine the
fermion spetral funtion is gapped at T = 0, one expets, from a ontinuity argument, that
it will exhibit a pseudogap at nite temperature as a result of strong AF utuations [4℄. At
strong oupling (U ≫ t), the system beomes a Mott-Hubbard insulator below a temperature
of the order of U . The resulting loal moments develop AF short-range order at a muh
smaller temperature (∼ J = 4t2/U), and AF long-range order sets in at TN = 0.
Although the Hartree-Fok (HF) theory gives a reasonable desription of the AF ground-
state, it fails in 2D sine it predits AF long-range order. Several alternative approahes,
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whih do satisfy the Mermin-Wagner theorem, have been proposed: Moriya's self-onsistent-
renormalized theory [5℄, the utuation exhange approximation (FLEX) [6℄, and the two-
partile self-onsistent approah [4℄. However, these approahes are restrited to the weak
to intermediate oupling regime (U ∼ 4t). The strong-oupling regime is usually understood
from the Heisenberg model for whih various methods are available [7℄.
In this Letter, we desribe a theoretial approah whih provides a unied view of an-
tiferromagnetism and single-partile properties in the 2D half-lled Hubbard model at low
temperature (inluding T = 0) and for any value of the Coulomb repulsion. It is based on
a non-linear sigma model (NLσM) desription of spin utuations. Sine it takes into a-
ount only diretional utuations of the AF order parameter, it is valid below a rossover
temperature TX whih marks the onset of AF short-range order.
Besides its validity both at weak and strong oupling, our approah diers from previous
weak-oupling theories [5, 6, 4℄ by the fat that it is a low-temperature expansion (0 ≤ T ≪
TX). In partiular, the fermion spetral funtion is obtained from a spin-rotation-invariant
perturbative expansion around the (gapped) HF ordered state. This should be ontrasted
with perturbative treatments applied to (gapless) free fermions interating with soft olletive
spin utuations where no small expansion parameter is available [8℄. In Ref. [9℄, one of the
present authors reported a alulation of the spetral funtion in the weak oupling limit of
the Hubbard model using a NLσM desription of spin utuations. However, the limitations
enountered by previous weak-oupling theories ould not be fully overome.
Non-linear sigma model. The Hubbard model is dened by the Hamiltonian
H = −t
∑
〈r,r′〉,σ
(c†rσcr′σ + h.c.) + U
∑
r
nr↑nr↓. (1)
c†rσ (crσ) reates (annihilates) a fermion of spin σ at the lattie site r. nrσ = c
†
rσcrσ and 〈r, r′〉
denotes nearest-neighbor sites. We take the lattie spaing equal to unity and h¯ = kB = 1.
We express harge and spin utuations in terms of auxiliary elds. For this purpose, we
write the interation term in (1) as nr↑nr↓ = [(c
†
rcr)
2−(c†rσ·Ωrcr)2]/4 whereΩr is an arbitrary
unit vetor [10℄. cr = (cr↑, cr↓)
T
and σ = (σ1, σ2, σ3) denotes the Pauli matries. Spin-rotation
invariane is made expliit by averaging the partition funtion over all diretions of Ωr. In
a path-integral formalism, Ωr beomes a time-dependent eld. Deoupling the interation
term by means of two real auxiliary elds, ∆c and ∆s, the partition funtion is then given by
Z =
∫ D[c†, c] ∫ D[∆c,∆s,Ωr]e−S with the ation (β = 1/T )
S = S0 +
∫ β
0
dτ
∑
r
[
∆2cr +∆
2
sr
U
− c†r
(
i∆cr +∆srσ ·Ωr
)
cr
]
, (2)
where cr, c
†
r are Grassmann variables. S0 is the ation in the absene of interation. Eq. (2)
denes an amplitude-diretion representation, where the AF order parameter eld is given
by ∆srΩr. In the following, harge utuations (∆c) are onsidered at the saddle-point (i.e.
HF) level: −i∆cr = (U/2)
〈
c†rcr
〉
= U/2. Below the HF transition temperature THFN , the
amplitude of the order parameter takes a well-dened value so that we an onsider ∆sr
within a saddle-point approximation, i.e. ∆sr = ∆0 where the utuations of ∆0 are ignored.
When T ≪ THFN , ∆0 ∼ te−2π
√
t/U
for U ≪ t and tends to U/2 for U ≫ t. Below the
rossover temperature TX (to be dened more preisely later) whih marks the onset of AF
short-range order, the Ωr eld an be parametrized by Ωr = (−1)rnr(1−L2r)1/2 +Lr, where
the Néel eld nr (|nr| = 1) is assumed to be slowly varying [11℄. The small anting vetor
Lr, orthogonal to nr, takes aount of loal ferromagneti utuations. It turns out to be
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Fig. 1  Spin-wave veloity c, bare spin stiness ρ0s, and fration n0 of ondensed bosons at T = 0.
onvenient to introdue a pseudo-fermion φrσ whose spin is quantized along the (utuating)
Néel eld. φr = (φr↑, φr↓)
T
is dened by cr = Rrφr where Rr is a site- and time-dependent
SU(2)/U(1) matrix satisfying Rrσ3R
†
r = σ · nr. The ation an then be written as
S =
∫ β
0
dτ
∑
r
φ†r
{
∂τ −A0r − 2t
∑
µ=x,y
cos(−i∂µ −Aµr)−∆0[(−1)rσ3
√
1− l2r + lr · σ]
}
φr,(3)
where we have introdued the SU(2) gauge eld A0r = −R†r∂τRr, Aµr = iR†r∂µRr (µ = x, y),
and the rotated anting eld lr = R−1r Lr. Here Rr is the SO(3) element assoiated to Rr
whih maps zˆ onto nr. In Eq. (3), both l and Aµ are small, sine the gauge eld is of order
∂µn. The eetive ation of the Néel eld is obtained by expanding (3) to seond order in
these variables and integrating out the fermions and the anting eld lr. Skipping tehnial
details, we obtain
SNLσM[n] =
ρ0s
2
∫ β
0
dτ
∫
d2r
[
(∂τnr)
2
c2
+ (∇nr)
2
]
, (4)
where we have taken the ontinuum limit in real spae. The bare spin stiness ρ0s and the spin-
wave veloity c are given by ρ0s = ǫc/8 and c
2 = (ǫc/2)(χ
−1
⊥ − U/2), where ǫc is the absolute
value of the (negative) kineti energy per site and χ⊥ the transverse spin suseptibility in
the HF ground state (Fig. 1). In the weak-oupling limit, AF short-range order annot be
dened at length sales smaller than ξ0 ∼ t/∆0 whih orresponds to the size of bound
partile-hole pairs in the HF ground state. Thus Eq. (4) should be supplement with a uto
Λ ∼ min(1, ξ−10 ) in momentum spae. The NLσM (4) was rst obtained by Shulz [12℄. In the
limit U ≫ t, it reprodues the result obtained from the Heisenberg model with an exhange
oupling J = 4t2/U [7℄.
Magneti phase diagram. We solve the NLσM within the CP1 representation, where the
Néel eld is expressed in terms of two Shwinger bosons: nr = z
†
rσzr (zr = (zr↑, zr↓)
T
)
with z†rzr = 1. When the CP
1
representation is generalized to the CP
N−1
representation by
introduing N bosons zrσ (σ = 1, ..., N), the NLσM an be solved exatly by a saddle-point
approximation in the N →∞ limit [7℄. At zero temperature, there is a quantum ritial point
at g = gc = 4π/Λ between a phase with AF long-range order and a (quantum) disordered
phase. g = c/ρ0s is the oupling onstant of the NLσM. In the ordered phase (g < gc),
a fration n0 = 1 − g/gc (0 ≤ n0 ≤ 1) of the bosons ondenses in the mode q = 0. n0
determines the mean-value of the Néel eld: |〈nr〉| = n0. We nd that there is AF long-
range order for any value of the Coulomb repulsion in the ground state of the 2D half-lled
Hubbard model. At weak oupling, 1− n0 = g/gc ∼ e−2π
√
t/U
is exponentially small. By an
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Fig. 2  Phase diagram of the 2D half-lled Hubbard model. All lines, exept TN = 0 (thik solid
line), are rossover lines. The NLσM desription is valid below TX . FL - Fermi liquid phase, PG -
pseudogap phase. The vertial dotted line indiates the nite-temperature metal-insulator transition
obtained from the riterion ρ(ω = 0) = 0.
appropriate hoie of the uto Λ, we reprodue the result n0 ≃ 0.6 for U ≫ t as obtained
from the 2D Heisenberg model on a square lattie [13℄ (Fig. 1). At nite temperature, the
AF long-range order is suppressed (n0 = 0). However, the AF orrelation length remains
exponentially large: ξ ∼ (c/T )e2πρs/T , where ρs = ρ0s(1 − g/gc) is the zero temperature spin
stiness. This regime, whih is dominated by lassial (thermal) utuations (sine c/ξ ≪ T ),
is known as the renormalized lassial regime. The NLσM desription is valid for T < TX
when amplitude utuations of the AF order parameter are frozen and the assumption of
AF short-range order holds (i.e. ξ ≫ Λ−1). At weak oupling TX ∼ THFN , while TX ∼ J at
strong oupling. The phase diagram is shown in Fig. 2. Above THFN , spin utuations are
not important and we expet a Fermi liquid (FL) behavior. Between THFN and TX (a regime
whih exists only in the strong-oupling limit), loal moments form (ξ0 ∼ 1) but with no AF
short-range order (Curie spins: ξ ∼ 1). Below TX, the system enters a renormalized lassial
regime of spin utuations where the AF orrelation length beomes exponentially large. AF
long-range order sets in at TN = 0. Although there is a smooth evolution of the magneti
properties as a funtion of U , the physis is quite dierent for U ≪ t and U ≫ t. This is shown
below by disussing the fermion spetral funtion. The main onlusions are summarized in
Fig. 2.
Fermion spetral funtion. Now we onsider the eet of long-wavelength spin utuations
on the fermion spetral funtion. The fermion Green's funtion G(r, τ ; r′, τ ′) = −〈cr(τ)c†r′ (τ ′)〉,
written here as a 2 × 2 matrix in spin spae, is omputed using cr = Rrφr with (Rr)↑↑ =
(Rr)
∗
↓↓ = zr↑ and (Rr)↓↑ = −(Rr)∗↑↓ = zr↓. Integrating rst the pseudo-fermions and the
anting eld Lr, we an write the Green's funtion as
G(1, 2) = 1
Z
∫
D[z]e−SNLσM[z]R1G(1, 2|z)R†2, (5)
where we use the shorthand notation i ≡ (ri, τi). G(1, 2|z) is the pseudo-fermion propagator
alulated for a given onguration of the bosoni eld z. The ation (3), when expanded
in powers of Aµ and Lr, an be written as SHF[φ] + S
′[z, φ,L]. It desribes HF pseudo-
fermions interating with spin utuations via the ation S′. Sine the HF pseudo-fermions
are gapped, we expet a perturbative expansion in S′ to be well-behaved. To leading order
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Fig. 3  Left: spetral funtion A(k, ω) in the weak-oupling limit U = t for T = 0 (Slater an-
tiferromagnet) and T = ∆0/5 (pseudogap phase). Right: spetral funtion in the strong-oupling
regime U = 12t for T = 0 (Mott-Heisenberg antiferromagnet) and T = J/5 (Mott-Hubbard insula-
tor). k = (pi/2, pi/2). For T = 0, the vertial lines represent Dira peaks of weight n0/2. Note the
dierene in the energy sale, whih is xed by ∆0, between the two gures.
G(1, 2|z) = GHF(1, 2) with GHF the HF Green's funtion. From (5), we then obtain
Gσ(k,k′, ω) = −2δk,k
′
β
∑
ων
∫
q
GHFσ (k− q,k− q, ω − ων)D(q, ων) + n0GHFσ (k,k′, ω), (6)
GHFσ (k,k′, ω) = −δk,k′
iω + ǫk
ω2 + E2k
+ δk,k′+pi
σ∆
ω2 + E2k
, D¯(q, ων) = − gc/2
ω2ν + ω
2
q
, (7)
where
∫
q
≡ ∫ π
−π
dqx
2π
∫ π
−π
dqy
2π , pi = (π, π), and ω (ων) denotes a fermioni (bosoni) Matsubara
frequeny. D¯(q, ων) is the Shwinger boson propagator (for q 6= 0) obtained from the saddle-
point solution of the NLσM. Here ωq = c(q
2 + ξ−2/4)1/2 and Ek = (ǫ
2
k + ∆
2
0)
1/2
, with
ǫk = −2t(coskx + cos ky) the energy of the free fermions. At nite temperature, n0 vanishes
so that the fermion Green's funtion is spin-rotation and translation invariant. From (6), we
obtain the spetral funtion A(k, ω) = −π−1ImGσ(k,k, iω → ω + i0+):
A(k, ω) = Ainc(k, ω) + n0AHF(k, ω), (8)
Ainc(k, ω) =
∫
q
gc
2ωq
{
[nB(ωq) + nF (−Ek−q)]
[
u2k−qδ(ω − ωq − Ek−q) + v2k−qδ(ω + ωq + Ek−q)
]
+ [nB(ωq) + nF (Ek−q)]
[
u2k−qδ(ω + ωq − Ek−q) + v2k−qδ(ω − ωq + Ek−q)
]}
, (9)
where nF (ω) and nB(ω) are the usual Fermi and Bose oupation numbers and AHF the HF
spetral funtion: AHF(k, ω) = u2kδ(ω − Ek) + v2kδ(ω + Ek), where u2k, v2k = 12
(
1± ǫkEk
)
.
The normalization of the spetral funtion,
∫
dωA(k, ω) = 1, follows from the saddle-point
equation of the NLσM.
The spetral funtion is shown in Fig. 3. At weak oupling and zero temperature, our
theory desribes a Slater antiferromagnet. The AF gap 2∆0 ∼ te−2π
√
t/U
is exponentially
small. There are well-dened Bogoliubov quasipartiles (QP's) with energy ±Ek, as in the
HF theory, but their spetral weight is redued by a fator n0 due to quantum spin utua-
tions. The remaining weight (1 − n0 ∼ e−2π
√
t/U ≪ 1) is arried by an inoherent exitation
bakground at higher energy (|ω| > Ek). As U inreases, the Slater antiferromagnet progres-
sively evolves into a Mott-Heisenberg antiferromagnet with a large AF gap and a signiant
6 EUROPHYSICS LETTERS
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Fig. 4  Density of states ρ(ω) at low energy. As the Coulomb repulsion U inreases through a ritial
value Uc ≃ 4.25t the pseudogap beomes a Mott-Hubbard gap [see the vertial dotted line in Fig. 2℄.
fration of spetral weight transferred from the Bogoliubov QP's to the inoherent exitation
bakground. At strong oupling, the AF gap 2∆0 ≃ U and n0 ≃ 0.6.
At nite temperature, A(k, ω) exhibits two broadened peaks at the HF QP energy ±Ek.
In the viinity of the peak at Ek, the spetral funtion is well approximated by A>peak(k, ω) =
u2k
g
4πcnB(|ω−Ek|). The peak has a width of the order of the temperature and therefore orre-
sponds to inoherent exitations. We nd that the spetral weight of the peak,
∫
dωA>peak(k, ω),
is temperature independent and equal to u2kn0, whih is nothing else but the Bogoliubov QP
weight in the ground state. We onlude that the peak at Ek is an inoherent preursor of the
zero-temperature Bogoliubov QP peak. As the temperature dereases, it retains its spetral
weight but beomes sharper and sharper, and eventually beomes a Dira peak at T = 0. As
expeted, the weak oupling pseudogap ontinuously evolves into the AF gap when T → 0.
Eq. (9) shows that the ontribution to A(k, ω) at low energy involves the Bose oupation
number nB(ωq). This indiates that the low-energy fermion states (0 ≤ |ω| < Ek) are due to
thermal bosons, i.e. thermally exited spin utuations. A fermion added to the system with
momentum k and energy |ω| < Ek an propagate by absorbing a thermal boson of energy
ωq and emitting a pseudo-fermion with energy Ek−q = ω + ωq. The lowest fermion energies
are obtained by solving ω = Ek−q − ωq (or ω = −Ek+q + ωq). In the weak oupling limit
(Fig. 3), maxq(ωq) = cΛ ∼ 2∆0 and Ek−q ∼ Ek. Thus there is spetral weight at zero
energy: the spetral funtion and the density of states exhibit a pseudogap. Nevertheless,
the density of states ρ(ω) =
∫
k
A(k, ω) remains exponentially small at low energy: ρ(ω) ∼
e−∆0/T cosh(ω/T ), |ω| ≪ ∆0. This result diers from pseudogap theories based on Gaussian
spin utuations whih nd a muh weaker suppression of the density of states [8℄. It bears
some similarities with the result obtained by Bartosh and Kopietz for fermions oupled to
lassial phase utuations in inommensurate Peierls hains [14℄. In the low temperature
regime dominated by diretional utuations of the order parameter, the suppression of the
density of states at low energy is indeed expeted to be exponential. In the strong oupling
limit, sine Ek ∼ U/2 and cΛ ∼ J ≪ U/2, there is a gap (of order U/2) in the spetral funtion
and the density of states. Thermally exited spin utuations redue the zero-temperature
AF gap U/2 by a small amount of the order of J . The system is a Mott-Hubbard insulator
(Fig. 2).
We therefore onlude that our approah predits a nite-temperature metal-insulator
transition between a pseudogap phase and a Mott-Hubbard insulator as the strength of the
Coulomb interation inreases (Fig. 2): at a ritial value Uc, the density of states at zero
energy ρ(ω = 0) vanishes and the pseudogap beomes a Mott-Hubbard gap (Fig. 4). Uc is
obtained by equating the minimum energy ∆0 of a HF fermion to the maximum energy of a
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Shwinger boson
√
m2 + c2Λ2. For T → 0 the result is Uc ≃ 4.25t. However, being a low-
energy theory, the NLσM does not allow us to desribe aurately the high-energy Shwinger
bosons (with |q| ∼ Λ) and in turn the low-energy fermion exitations. In partiular, the
ritial value of U alulated above and the preise form of the density of states near zero
energy, plotted in Fig. 4, depend on the ut-o proedure used in the NLσM. Note also that
we do not know at whih temperature and how the metal-insulator transition ends.
Conlusion. We have presented a low-temperature approah to the 2D half-lled Hubbard
model whih allows us to study both olletive spin utuations and single-partile properties
for any value of the Coulomb repulsion U . At zero temperature, it desribes the evolution
from a Slater to a Mott-Heisenberg antiferromagnet. At nite temperature, it predits a
metal-insulator transition between a pseudogap phase at weak oupling and a Mott-Hubbard
insulator at strong oupling. Sine the harge auxiliary eld ∆c is onsidered at the HF level,
some aspets of the Mott-Hubbard loalization are not taken into aount. In partiular, at
intermediate oupling U ∼ 8t, we expet both Bogoliubov QP bands (or preursors thereof at
nite temperature) and Mott-Hubbard bands in the spetral funtion [4℄. The Mott-Hubbard
bands have a purely loal origin, independent of the Fermi surfae geometry, and should show
up at ω ∼ ±U/2 (with U/2 > ∆0) in the spetral funtion. Nevertheless, we believe that our
theory aptures the main features of the physis of the 2D half-lled Hubbard model.
On the basis of a numerial alulation (dynamial luster approximation), Moukouri and
Jarrell have alled into question the existene of a Slater mehanism in the 2D Hubbard
model [15℄. Using the riterion ρ(ω = 0) < 10−2/(2t) to identify the Mott insulating phase,
they onluded that the system is always insulating at low (but nite) temperature even in
the weak-oupling limit. From the same riterion (ρ(ω = 0) < 10−2/(2t)), we obtain a similar
line in the (U, T ) plane as Moukouri and Jarrell. This shows that the numerial results of
Ref. [15℄ are not in ontradition with the existene of a Slater senario at weak oupling, but
reet the exponential suppression of the density of states due to the presene of a pseudogap.
∗ ∗ ∗
We thank A.-M.S. Tremblay for useful orrespondene and S. Pairault for a riti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